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Wealth accumulation with random redistribution
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We study the wealth distribution in random multiplicative processes with random redistribution. The equi-
librium distribution can be extended to the negative wealth. The extreme wealths follow power law distribu-
tions and the same exponent is found for both the large wealths and the large debts. We propose a mean-field
model to emphasize the fluctuations in the thermodynamic limit. The exact solution can be obtained

analytically.
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I. INTRODUCTION tiplicative process for the fluctuations. Both multiplicative

With recent interactions between economists and physi@nd additive noises are included. However, the multiplicative
cists, the analogy between economics system and physiéiictuations are random; while the additive ones are deter-
system starts to emergg]. As fluctuations are prominent in Mministic. We go beyond the mean-field assumption and con-
economy, statistical physics provides a theoretical framesider further noise in the additive term. The model will be
work to understand the empirically observed features. One diescribed in the following section. Both numerical and ana-
the interesting phenomena is the emergence of power laWtical results are presented. In Sec. lll, a new mean-field
distributions, which imply large fluctuations. The distribution model is proposed to preserve the fluctuations in the thermo-
of large wealths following a power law has been noticed fordynamic limit. The analytical results exactly reproduce the
over a century[2]. The same power law can be applied to numerical data. The concluding remarks are presented in the
different countries or social organizations, even in the anlast section.
cient Egyptian society3-5]. However, the theoretical basis
to understand the existence of power law distributions and
the value of its exponents is still desired. Recently, various Il. RANDOM REDISTRIBUTION
models have been proposed to reproduce the empirical scal-

ing [6-9). A coherent understanding is expected to be well Consider an economy consisting bf individuals. The
underway. wealth of each person is affected by two factors: growth and

Though the power law distribution has been the focus O]redistribution of the total wealth. We assume that the wealth

recent research interests, it actually accounts only a smalli Of theith person is described by the following stochastic
portion of the overall distribution. The large wealths sub-differential equatior{9]:
jected to the power law behavior are estimated to be no more
than a few percents. For the majority of the so called middle dw 1
class, a much more steepened distribution is observed. The qr o Wit NE (Jyw; = J;iwy), (1)
empirical data can be fairly fitted by either the exponential :
distribution[11] or the log-normal distributiofil 2]. As to the
distribution of the small wealths, the situations are muchwhere the index=1,2,---N. The first term prescribes a mul-
more confused. In the framework of the log-normal distribu-tiplicative noise for the spontaneous growth or decline. The
tions, the weightings drop to zero sharply as the wealth detandom variabler; is Gaussian with meam and variance
creases; while in that of the exponential distributions, as the'm- The second term describes a trade between perand
wealth decreases, the weightings monotonically increase ariersonj, and thus accounts for the wealth redistribution. It
maximize at the zero wealth. The data seem to suggest @n be taken as that an amount of mortdyw;) has been
situation in between these two, i.e., the distribution drops agarned by the persdanor (J; w;) been spent. The conserva-
the wealth decreases, but not as fast as the log-normal disttion of total money in each trade is ensured. It is also rea-
bution suggested. And a small yet finite weighting should besonable to assume that the two persons trade with each other
assigned to the zero wealth, which makes it natural to b@t the same rate, i.eJ;=J;;. The random variablg; is also
extent to the negative wealths. In previous studies, the wealt@aussian with mead and variances;. The model can be
is often assumed to be a positive definite quantity and differtabeled as a random multiplicative process with random re-
ent mechanisms are resorted to explain the features in diffegistribution. The interactions are completely specified by
ent parts of the distribution. It would be interesting to have afour parameter{m,o,,J,o;). The spontaneous growth is
simple model able to present these different features from theontrolled bym and o,,; the redistribution is controlled by
same mechanism. ando;.

In this paper, we follow the attempt of Ref] which When the effect of redistribution is totally neglected, i.e.,
provides a mean-field model to describe the power law disd=0 and o;=0, the wealth distribution has the following
tribution of large wealths. The model assumes a random mulasymptotic probability densitj10]:

1539-3755/2004/68)/0571034)/$22.50 69 057103-1 ©2004 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW B9, 057103(2004)

(Inw- mt)z} 100 | ' '
P(In w,t) = ———exp| - ——— " () :
\'2770,2nt 2(Tr2nt

The average wealtlv has a time dependence as following:

2
w(t) = W(O)exp|: <m+ O—?m)t:| . (3 102 L

When a deterministic redistribution is considered, i.e., @ 107
J>0 and o3;=0, the wealth distribution has the following =
stationary solutiorj9]:

10* |
i
(CY - 1)a a -5
P(a) = : 4 107 +
( ) F(a) aj_+a ( )
where a=w/w is the normalized wealth and the exponent 10°¢
a=1+2J/d%. The average wealth is still described by Eq. -10
(3). The deterministic redistribution provides a mechanism to a

reproduce the Pareto power law tail for the large wedl2hs
FIG. 1. Wealth distribution in the model of E¢l). The param-
eters are(m,on,,J,0;)=(-0.005,0.1,0.01,1 and N=1000. As
al*a’ (5) we do not emphasize the growth of total wealth, a setting of
m=—(rr2n/2 is chosen, see E@3). The numerical data are averaged
The exponenty increases with the increase df and also  over 3000 simulations @t=1000. The analytical results of EQLO)
with the decrease af, are shown by the solid line.
Next, we consider the random noise in redistribution. In
this work, we adopt a discrete version of the model as the- o, the fluctuations are sufficiently suppressed and the

P@a>1) «

following update rule: positive-definite distribution in Eq4) is restored.
. In terms of the normalized wealtly=w;/w and Eqg.(3),
w, — W, exp(z,) + NZ (3 W, = 5 w). (6) the model can be reexpressed as
J
da _ Oﬁ] 1
In the numerical simulations, we start with a uniform con- ot (”i R N; Jij(8— ). (7)

figuration, i.e., initially all the personal wealths are the same.

As the scale is irrelevant, we simply assigrF1 att=0. AS  ag the variablesy, are all coupled together by the random
time evolves, a stationary distribution emerges asymptotiyaging, the corresponding Fokker-Planck equation cannot be
cally. The typical results are shown in Fig. 1. For largegpiained straightforwardly. However, we observe that the

wealths, the same power law distribution shown in €IS yight hand side of Eq(7) can be quasiseparated into a deter-
preserv_ed. The exponent is determined by para_met@egnd ministic part [—(ontZ)aﬁJ(l—ai)] and a stochastic part
J, and independent of-; and m. As the fluctuationo; in- &%]

h law distribution k " 7i—m)a—J+(Z; J;a)/N]. And the variance of the sto-
creases, the power faw distribution keeps the Same exponelllyastic noise can be further approximated[bf, a+x/N],
but enhances its normalization, i.e., the large wealths occup

—(12 2\ _ 12 i -
much more weighting of the distribution. It is interesting to \X/Sﬁreg—(\]faﬁ)(a )~ 'Jheg the gvolutlon of the prob
observe that a nonvanish weighting is constituted by thé&Pility densityP(a,t) can be obtained as

negative wealttw<0. Without noiseo;=0, the equilibrium 5 5

distribution is confined to the range>0, i.e., all the per- 9P _ i{{%a—J(l —a)]P} + ﬁ"—[ai(aP)}
sonal wealths are positive definite. With fluctuatien> 0, at dal|l 2 24 Jda

the wealth distribution is extended <0, i.e., some people X PP

become in debt. With randomized trading rates, the large +—. (8)
wealths emerge more swiftly and prominently. However, the 2Noa

fluctuations also cause some people to lose all their wealth, . I .
In this work, we do not set a lower bound to the personaIWIth the equilibrium condition, we have
wealth. For those people in debt, they can still participate in o2
the trading. And their debts are also subjected to the sponta- ap =-2 M P
neous fluctuations. da 2 aze X

We also notice that such a surprising effect is a finite size m
effect. In this model, the fluctuations diminish as the number

of participants(N) increases. In the thermodynamic linht ~ The solution of the equilibrium distribution becomes

9
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As we examine the distribution of normalized weal{h)
=1 is correctly implied. The parametgrcan be determined
self-consistently and the width of the distribution becomes

J
=98
2\ —
as) = . 11
(a%) _ﬁn_i_i (17
2) 2N 2JN

The numerical data shown in Fig. 1 can be fairly described,
especially for the large wealths. The analytical results under-
estimate the portion ocA<<0. However, the thermodynamic
limit is correctly reproduced. In the limiN—oo, Eq. (10)
reduces to Eq(4) as expected. For a finitd, more people
are in debt wherv; increases. As shown by the analytical  FiG. 2. Wealth distribution in the model of E¢L2) for various
expression of Eq(10), both the large debts and the large values ofo. The parameters afen, o;,,J)=(-0.005,0.1,0.0Land
wealths are described by power law distributions of the sam@/=10 000. The numerical data are averaged over 10 000 simula-
exponent. The fluctuations in the trading rates will accelerat@ons att=1000. The solid lines show the analytical results of Eq.
the wealth accumulation and also the bankruptcy as well. (14).

lll. MEAN-FIELD MODEL p[Z,u _1< a)]
exp —tan | —
We note that the most effective fluctuations in Ed) P(a) o ’; 1+V ' (14)
come from the term(Z; J;; a;)/N. To emphasize such fluc- (a_ + 1) "
tuations, the model is modified as follows: 12
2
d& = (77i -m- U—m)ai +JG-a), (12)  where the rangev=Jo/o, and the exponentu=J/ o2,
dt 2 Again, (a)=1 is implied and(a® has the following expres-
where the random variablg is again Gaussian with mean 1 sion:
and variancer. The variables; are separate in this mean-
field model, which is then specified by four parametens (@) = 2 +Jo° _2ut VA (15)
om J, o). The fluctuations of redistribution in these two Ofn 2u—-1"
models, Eqs(7) and (12), are controlled by parametets 2 K

and o, respectively. With naive expectation, these two pa-
rameters can be related ag~ ¢JJN. In the thermodynamic . .
NS y The numerical data can be well reproduced, see Fig. 2.

limit N— oo, the fluctuations prescribed by a finite>0 are P
- P y The same power law distribution for the large wealths,

equivalent to the effects of a divergemi— . The numeri- h in Ea5). i d. Th is d ined
cal results are shown in Fig. 2. Basically, the same featureS'0WN IN EQ.(5), Is preserved. The exponent s determine
y parameters,, andJ, and independent af andm. As the

observed only by a finite system in the last section are no ictuat ; th law distribution has th
preserved in the thermodynamic limit. uctuation o Increases, the power 'aw distribution has the
ame exponent, but the normalization is increased. Without

The modified model provides yet another advantage: th ; o T :
exact solution. The Fokker-Planck equation for the evolutio uctuations(o=0), the equilibrium distribution is confined
to the rangea> 0; with fluctuations(o>0), the wealth dis-

of the probability density can be written as S
tribution is extended t@<<0. Both the large debts and the

aP 9 ]| 2 J large wealths can be described by power law distributions
St aall 22 J1-a)|P(+ > 2a ag(aP) with the same exponent. There are two scales of fluctuations:
om and o. In the limit c—0, Eq. (14) reduces to Eq(4)
J2a? P correctly. In the limit oy, — 0, the distribution becomes a
MEPRFPCE (13 Gaussian as expected,
After some calculations, the equilibrium solution of the _ N2
o 1 (a-1)
wealth distribution becomes P(a) = 302 Xp — 102 (16)
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IV. DISCUSSIONS 100 T T
In this paper, we study the effects of redistribution in the - -
. L o restriction
processes of wealth accumulation. The emergence of large 101 - 5 i
wealth follows a power law distribution with the exponent ' 16-a,1<50
determined by the strength of redistribution. With determin- i o Inl<15%
istic redistribution, the distribution of small wealth drops 1022 1 %

strictly to zero as the personal wealttapproaches zero, i.e.,
the wealth distribution is confined to the positive wealth
w>0. With random redistribution, the distribution is ex-
tended to the negative wealth< 0. The width of the distri-
bution is broadened. The extreme wealths, beth 0 and
w<0, are enhanced. The emergence of large debt also fol- 10+
lows a power law distribution. The distributions of extreme
wealths share the same exponent, which is determined by the
average strength of redistribution.

We propose a mean-field model which preserves the fluc-
tuations in the thermodynamic limit and can be solved ex-
actly. The shape of the stationary wealth distribution is the
result of two competing mechanisms: the growth and the
redistribution. The multiplicative noise in the spontaneous
growth broadens the distribution, and thus spreads the wealth £ 3 \weaith distribution in the model of EQL2) with various
unevenly; while the redistribution narrows the distribution restrictions on the random fluctuations. The parameters are
and suppresses the difference in personal wealth. In thgn 4 3 ¢)=(-0.005,0.1,0.01,8)8and N=10 000. The value of
simulations, the total wealth spreads evenly in the initial con is chosen to have 10% people in debt when no further restrictions
figuration, i.e.,P(a)=d(a-1). All the individuals are equiva- are imposed; the solid lines show the analytical results of(E4).
lent and subjected to the same interactions. The wealth accu-
mulation is the same random process for everyone. The
wealth distribution shown in Fig. 2 can also be applied to thedressed. However, the simplicity of the model makes it a
temporal fluctuations of personal wealth. Everyone gets théasic framework to further explore all these complicated ef-
same opportunity to be rich; also everyone gets the samkects. For example, the amount of money in each trade can
chance to be in debt. As there is no special investment strabe further restricted. With naive intuition, the wealth accu-
egy for anyone, those who accumulate a large amount ofulation will be slow down and the large wealth could be
wealth will soon return to normal. As to those in large debt,suppressed. The above analysis, however, shows that the
the situation will surely improve soon. trading redistributes the wealth, and thus suppresses the large

In this work, the wealth distribution is taken as the resultwealths. When the trading is restricted, the appearance of
of simple fluctuations. Compared to realistic operations, wdarge wealths enhances, see Fig. 3. As expected, the large
do not allow personal strategy in trading. The saving is notdebts enhance as well. In contrast, the large wealths can be
considered. The tax and social welfare are also neglecteguppressed if the spontaneous growth is further restricted,
The personal connections and network structure are not asgee Fig. 3.
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